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#1
• Composite plate theory 

• Where a 2D structural representation is used as an idealization and simplification of a 3D thin or thick laminate

• Only use the midplane reference of the plate to characterize the entire system

• Use the mid surface displacements 

• Strains 

• Stresses

• Equilibrium and Boundary conditions 

• Force and Moment Resultants  

• Constitutive Law 

• Summary of equations 

• Step 1 - Deflections are first tracked for the mid-surface 

• Z = 0 – because mid-surface measurements only



#1
• Transverse shear strains are zero, normal strains remain the same after deformation

• There is no Z-direction (thickness) changes therefore, transverse normal strain is zero



#1
• Using the strain-displacement relationship strains are calculated

• This is with respect to the thickness 

• Curvatures are added



#1
• For mid-surface planes, the governing equations are different than in 3D elasticity because we are not characterizing a 3D plate. Thickness is 

zero. Governing equations for a 2D plate need to be derived

• A 2D plate simplifies this process because we only consider the mid-surface displacements as functions of x and y

• Governing equations for the 2D plate align with the assumed displacement field 

•  Stress quantities are introduced to represent internal forces acting on the mid-surface of the plate

• A lengthy integration takes place, and the fundamental governing equations is as shown

• There are 2 stress equations and 1 bending equation 



#1
• There are 6 resultants 

• Force (N) and moment (M) are found by integrating the 3D stress field through the thickness 

• 3 from the equation involving force resultants 

• 3 from the equation involving moment resultants

• The plate has multiple layers so the integral needs to be re-written

• Remember, every layer is different angles 

• Note: the moment resultant is for the global coordinates – we still need to find the local



#1
• In plate theory, the out of plane stresses are near zero since the plate is thin (mid-surface) 

• Stresses do not develop significantly over the thickness

• The Constitutive law is applied to find the strain-stress relationship for plane stress

• This is found from inversion 

• Only need to know four properties (𝐸1, 𝐸2, 𝑣12, 𝐺12)



#1
• Each layer is characterized and transformed to a laminate coordinate system

• m = cos α

• n = sin α

• Short notation



#1
• Matrix multiplication is done to convert to engineering strains

• We get the final form 

• Using trig identities, stiffness quantities can be solved for as a function of ply angles and invariant quantities U 



#1
• Using the force resultant and constitutive law we get a strain relationship

• Then rewritten as the following 

• N = In-plane internal force resultants 

• A = Extensional stiffness  

• 𝐴16 and 𝐴26 = Shear-extension coupling 

• 𝜀𝑥
0, 𝜀𝑦

0, 𝛾𝑥𝑦
0  = In-plane strains at mid-surface

• B = Bending-extensional coupling 

• K = Curvatures
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• Using the moment resultant and constitutive law we get a strain relationship as well

• Then rewritten as the following 

• M = Moment resultants 

• B = bending-extensional coupling 

• 𝜀𝑥
0, 𝜀𝑦

0, 𝛾𝑥𝑦
0  = In-plane strains at mid-surface

• D = Bending stiffness  

• 𝐷16 and 𝐷26 = Bending-twist coupling 

• K = Curvatures



#1
• The final form of the ABD matrix is as follows • Short-hand notion is

• Where,

• N = Force Resultant 

• M = Moment resultant 

• 𝐴𝑖𝑗 = Stretching plate stiffness 

• 𝐵𝑖𝑗 = Coupling plate stiffness

• 𝐷𝑖𝑗 = Bending plate stiffness

• i, j = x, y, xy 

• i, j = 1,2,6



#1
• Short-hand notion is

• Where,

• N = Force Resultant 

• M = Moment resultant 

• 𝐴𝑖𝑗 = Stretching plate stiffness 

• 𝐵𝑖𝑗 = Coupling plate stiffness

• 𝐷𝑖𝑗 = Bending plate stiffness

• i, j = x, y, xy 

• i, j = 1,2,6

• Conclusion

• FEA uses these complex equations and discretizes larger 

elements into smaller elements 

• With a refined mesh, you are able to get detailed stress info for 

each ply

• For course element models, it is better to extract loads N and 

M for failure analysis

• The closed form solutions are good to have 

• You can use equations to calculate stress in each ply 

• Its quick 

• Its cheap 

• Sanity check and estimation of what you should expect



#2
• Assuming an AS4/3501-6 composite unidirectional material system. The following properties were based on: 

https://www.researchgate.net/publication/225141453_Influence_of_the_Matrix_Type_on_the_Mode_I_Fracture_of_Carbon-
Epoxy_Composites_Under_Dynamic_Delamination
• E11 = 131 GPa = 1.31e+11 Pa

• E22 = 8.9 GPa = 8.9e+9 Pa

• G12 = 5.09 GPa = 5.09e+9 Pa

• V12 = 0.3

• Alpha_1 = 1.954e+09 Pa

• Alpha _2 = 2.4e+07 Pa

• The loading conditions for our example would be 

▪ [N] = [N_x = 1000, N_y = 100, N_xy = 100

▪ [M] = [M_x = 50, M_y = 25, M_xy = 25]

https://www.researchgate.net/publication/225141453_Influence_of_the_Matrix_Type_on_the_Mode_I_Fracture_of_Carbon-Epoxy_Composites_Under_Dynamic_Delamination
https://www.researchgate.net/publication/225141453_Influence_of_the_Matrix_Type_on_the_Mode_I_Fracture_of_Carbon-Epoxy_Composites_Under_Dynamic_Delamination


#2 (a)
Using the Provided Excel Sheet for [0/-45/45/90]s

• Material properties are input into the code 

• Thickness, angle, and ply # are inputted as well



#2 (a)
Using the Provided Excel Sheet for [0/-45/45/90]s

• Made up loading conditions are added 

• This remained consistent in both Part (a) and Part (b)

• There is no temperature gradient / no  thermal effects occurring 



#2 (a)
Using the Provided Excel Sheet for [0/-45/45/90]s



#2 (a)
Using the Our Own Excel Sheet for [0/-45/45/90]s

• Compared to our own Excel sheet

• The answers are exactly the same 

• We used the given excel code to make our own 

• The process was not hard but gave insight into how it worked

• We changed the colors of the matrix to distinguish our excel code from the one given in class 

• The formulas were exactly the same – hence, there is only one correct answer 



#2 (a) Top of the Layer

Bottom of the Layer

Using the Provided Excel Sheet for [0/-45/45/90]s



#2 (a)
Top of the Layer – Values are the same 

Bottom of the Layer – Values are the same

Using Our Own Excel Sheet for [0/-45/45/90]s



#2 (b) Using the Provided Excel Sheet for [0/+30/-30/90]s

Note : 

• [N] and [M} were kept 

constant, and the properties of 

the composite were kept 

constant

• Our homemade excel sheet 

works - as shown in part (a). 

No need to compare our excel 

sheet to part (b) – the answers 

are the same



#2 (b)
Using the Provided Excel Sheet for [0/+30/-30/90]s



#2 (b)
Top of the Layer

Bottom of the Layer

Using the Provided Excel Sheet for [0/+30/-30/90]s



Comparison between Both Cases

#2 (a)

#2 (b)

From the both cases, we can see:

• The laminate in (a) has ± 45 plies, which 

contribute significantly to shear stiffness and 90 ° 
provided less stiffness in the axial direction

o We can see there is higher axial strain (e_x) 

in part (a) than in (b), which makes sense as 

they are more compliant under axial loading 

compared to ±  30 plies

• It is also noticeable that the shear strain 

(gamma_xy) is lower in (a) than (b)

o Since it is known that ± 30 plies provide 

more anisotropic shear response, we can 

expect to see a higher shear strain

[0/+30/-30/90]s

[0/-45/45/90]s



Comparison between Both Cases

• Focusing on the Curvatures:

o We can see that the curvatures (k_x, k_y, k_xy) are all very different in their values

▪ This suggests that the bending stiffness is different in each laminate due to the orientation-dependent bending stiffness 

coefficients

o A laminate with lower stiffness will exhibit lower curvature in that direction 

▪ In comparison between both cases and taking all curvatures into consideration, we can see that the case (a) :

• Has ± 45 plies, which shows that its bending stiffness in both x and y directions to be reduced, leading to higher 

curvatures 

• Although k_xy has a significantly higher curvature, this simply indicated shear coupling, which is expected with 

± 45 plies

▪ In comparison with case (b):

• The k_xy is lower than in case (a), meaning that ± 30 plies provide better torsional stiffness compared to ± 45 

plies

• Curvatures in k_y direction are similar

• Reduction of k_x is due to the ± 30 plies increasing the axial stiffness of the composite

#2 Comparison
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